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Abstract. We provide a class of self-adjoint Laplace operators -A on metric 
graphs with the property that the solutions of the associated wave equation satisfy 
the finite propagation speed property. The proof uses energy methods, which are 
adaptions of corresponding methods for smooth manifolds. 



Nature tells us that energy and information can only be transmitted with finite 
speed, smaller or equal to the speed of light. The mathematical framework, which al- 
lows an analysis and proof of this phenomenon, is the theory of hyperbolic differential 
equations and in particular of the wave equation 



where □ = 5f - A is the d'Alembert operator with -A as the Laplace operator, 
and t G M is a time parameter. The result, which may be obtained, runs under the 
name, finite propagation speed. The configuration space and hence the context, within 
which the wave operator and finite propagation speed can be discussed, may be an 
arbitrary manifold in which the notions both of a distance between two points and of 
a Laplace operator makes sense. In more detail, given the Laplacian -A and hence 
the associated d'Alembert operator, the central quantity entering the construction and 
discussion of solutions of the wave equation for given Cauchy data (initial conditions) 
is the wave kernel 



Let W{t){p, q) denote the associated integral kernel. Then finite propagation speed 
is a general result on hyperbolic equations and the statement that W{t){p, q) vanishes 
whenever |t|<distance(p, q). For an extensive text book discussion, see e.g. [4, 17, 18|. 

The d'Alembert operator and the associated Klein-Gordon operator □ -I- m? play 
an important role in relativistic quantum theories, see e.g. standard text books on rel- 
ativistic quantum field theory like |j5l [15] |^. Free quantum fields of mass m > 
satisfy the Klein-Gordon equation. Thus a quantum version of finite propagation 
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speed is the condition tiiat space-like separated observables commute. Since the fun- 
damental article of Wightman |21|, this condition is considered as indispensable for 
any local relativistic quantum theory ||6l|71|T6|. Thus, the commutator of a hermitean, 
free, massive, scalar boson field t) on Minkowski space A4 = M.^ is given by the 
integral kernel associated to the wave kernel 

^^^^^^sin(V=AWi) 



V— A + 

of the Klein-Gordon operator, that is 

t), ^{y, s)] = i Wmit - s){x, y) I {x, t), {y, s)& M. 

Two events {x, t) and {y, s) are space-like separated if |x-y|^>(t-s)^, in units, where 
the speed of light equals 1. Thus local commutativity in this context is the property 

Wm{t — s){x, y) = 0, if the events {x, t) and {y, s) are space-like separated, 

which precisely is finite propagation speed. 

In this article we prove finite propagation speed when A is a self-adjoint (s.a.) 
Laplace operator on a class of singular spaces, namely metric graphs. There exists 
a whole family of such Laplace operators, for an extensive discussion see ifTOl [TTI . 
Previously and to the best of our knowledge finite propagation speed on spaces with 
singularities has only been proved when the configuration space has conical singulari- 
ties Q. As for other applications we mention that in the context of neuronal networks 
finite propagation speed on axons has been discussed in [1]. 

Recently one of the authors (R.S.) proved finite propagation speed for an arbitrary 
s.a. Laplacian on star graphs (possibly having discrete eigenvalues) and on arbitrary 
metric graphs under two restrictions : (i) -A > 0, and (ii) at least one of the points 
p or g is on one of the exterior edges fT45. The proof used methods entirely different 
from the energy estimates usually employed for the proof of finite propagation speed. 
It is based on properties of the (improper) eigenfunctions of the Laplacians and their 
analytic properties as functions of the spectral parameter. The proof we will give here, 
though only for a subclass of Laplacians for which -A > 0, is closer to the standard 
proof, which uses energy estimates. The crucial new ingredient is an additional term 
in the standard local energy functional and involves the boundary values at the vertices 
of the graph for a given solution of the wave equation. Relevant for the proof of 
finite propagation speed here as well as in [ 14| is that the self-adjoint Laplacians are 
defined by local boundary conditions, for details see ifTOlfTTI . In the usual contexts 
the self-adjointness of the Laplacian makes the discussion of the existence and the 
uniqueness of solutions of the wave equation for given Cauchy data relatively 
easy. The reason is that this self-adjointness implies nice operator properties of the 
wave kernel W{t), which are easily obtained with help of the spectral theorem. This 
is nicely worked out in f2l and our presentation has in a large part been motivated by 
the discussion given there. Then Sobolev inequalities combined with the ellipticity 
of the Laplacian form the tools for transforming properties of the solutions to 
analytic properties like continuity and differentiability. Our discussion also uses (and 
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needs) Sobolev inequalities in order to control the boundary values since they enter 
the energy functional. And the Laplacians we discuss have just this property that 
Sobolev inequalities can be invoked. As a matter of fact, at the moment we do not 
know how to deal with the other Laplacians as given and described in lITOlfTTl . 

The article is organized as follows. In section |2] we first recall some basic facts 
about Laplacians on metric graphs and then we single out those we shall mainly work 
with. In section |3] we establish existence and uniqueness of solutions of the wave 
equation for given Cauchy data. In section|4]we introduce the local energy functional, 
which allows us to mimic (and modify) standard proofs on finite propagation speed. 
The appendix provides the Sobolev type estimates we need. 

2. Basic Structures 

In this section we revisit the theory of Laplace operators on a metric graph Q. The 
material presented here is borrowed from the articles [10], I.1U and [12]. 

A finite graph is a 4-tuple G = {V,I, £, d), where V is a finite set of vertices, X is 
a finite set of internal edges, <S is a finite set of external edges. For simplicity, from 
now on when we speak of a graph we will mean a finite graph. 

Elements inZU £ are called edges. The map d assigns to each internal edge z g X 
an ordered pair of (possibly equal) vertices d{i):={vi,V2) and to each external edge 
e & £ a. single vertex v. The vertices vi=: d~{i) and V2=: d'^{i) are called the initial 
and final vertex of the internal edge i, respectively. The vertex v = d{e) is the initial 
vertex of the external edge e. If d{i) = {v, v), that is, d~{i) = d'^{i) then i is called a 
tadpole. To simplify the discussion, we will exclude tadpoles. Two vertices v and v' 
are called adjacent if there is an internal edge i g X such that v g d{i) and v' g d{i). 
By definition star(ti) c V of f g V is the set of vertices adjacent to v. A vertex v and 
the (internal or external) edge j & lU £ are incident if f g d{j). 

We do not require the map d to be injective. In particular, any two vertices are 
allowed to be adjacent to more than one internal edge and two different external edges 
may be incident with the same vertex. If d is injective and d~{i) ^ d^{i) for all i g X, 
the graph Q is called simple. The degree deg(u) of the vertex v is defined as 

deg(v) = |{eG £\ d{e) = v]\ + \{i&Z \ d-{i) = v]\ + \{i&Z\ d'^{i) = v]\, 

that is, it is the number of (internal or external) edges incident with the given vertex 
V Throughout the whole work we will assume that the graph Q is connected. In 
particular, this implies that any vertex of the graph Q has nonzero degree, i.e., for any 
vertex there is at least one edge with which it is incident. 

The graph ^int = (V,X, 0, d\x) will be called the interior of the graph Q = (V,X, 
£, d). It is obtained from Q by eliminating all external edges e. Correspondingly, if 
£ i^Q), the graph ^ext = (c^V, 0, £, d\£) is called the exterior of Q. Here 9V c V is 
defined to be the set consisting of those vertices v which are of the form v = d{e) for 
some e G <S. We will view both Qi^t and ^ext as subgraphs of Q. 

We will endow the graph with the following metric structure. Any internal edge 
i G X will be associated with an interval U = [0, Oj] with aj > such that the initial 
vertex of i corresponds to x = and the final one to x = a^. Any external edge e & £ 
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will be associated with a half line /g = [0, +00). We call the number the length of 
the internal edge i. We make the notational convention that ag = 00 if e g £. We will 
consider the set , j g UT as a subset of Q and write p = {j, x) for any point p on Ij 
with coordinate x. The set of lengths {ajjjex, which will also be treated as an element 
of RI-^I , will be denoted by a. There is a canonical distance function d{p, q), {p,q&Q) 
making the graph a metric space. In particular d{p, q) is continuous in both variables. 
So a graph Q endowed with a metric structure a is called a metric graph, denoted by 
{Q, a). From now on the set a of lengths will be fixed and we will simply speak of the 
metric space Q. For given p & Q and t > let B{p, t) denote the closed set of points 
in Q with distance from p less or equal to t. By definition its boundary dB{p, t) is 
the set of points with distance t from p. Trivially B{p, t) c B{p, t') for all t<t' (with 
B{p, t) c B{p, t') for all t < t' when £*0) and 

lim Bip,t)= I J B{p,t) = g. 

ttoo ^ 
0<t<oo 

The boundary set dB{p, t) deserves special attention. As a function of t the num- 
ber of elements in dB{p, t) is obviously piecewise constant. Here is a partial list of 
properties. The number of elements in dB{p, t) satisfies 

'2 for p G Ij \dlj,0<t< dist(p, dlj ) 

\dB{p, t)\ = < degip) if p is a vertex and t < dist(p, star(p)) 

J^l mayiqeg^„,d{p,q)<t. 

Boundaries at different times have vanishing intersection, 

dB(p,t)r\dB{p,t') = 0, t^t'. 

Figure [T] provides an example, which serves as a motivation for the following defini- 
tion. 

Definition 1. Given p and t, a point q g dB{p, t) is a point of coincidence, if for all 
s <t sufficiently close to t there are two different points qi{s), qr{s) g dB{p, s) such 
that 

lim qiis) = lim qr{s) = q 

holds. Let Coin(p, t) c dB{p, t) denote the subset of points of coincidence. Given 
p, t is critical if the set Coin(p, t) U {dB{p, t) D V) is non-empty. Given p, the set of 
critical times t>0 is denoted by Tip). 

Note that the set Tip) contains the set of t > at which \dBip, t)\ is discontinu- 
ous. Tip) may be strictly larger. As an example consider the case where ^ is a star 
graph with two external edges and vertex v. If t is such that v g dBip, t), that is 
div,p) = t, then \dBip, t)\ is continuous at t. More involved examples may easily be 
constructed. Coin(p, t) n idBip, t) n V) may be non-empty. Also Coin(p, t) c Qint 
and if Coin(p, t)nlt^0 for some t and i g X, then Coin(p, t') n Ij = for all t' 1. 
Similarly if w g dBip, t), then v g dBip, t') for all t' 1. From these two observations 
one easily deduces that Tip) is a finite set with \Tip)\ < |X| + | V|. 
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Figure [T] shows the example of a graph with two external edges ei, 62, and two 
internal edges ii, 12 of equal length a = a^j = aj^. There are two vertices vi and V2. 
Consider a point p on the edge ii with coordinate a/2. The set dB{p, t) consists of 2 
points as long as < t < a/2, of four points when a/2 < t < a, of three points when 
t = a, and of two points, when t>a. Thus dB{p, t) = {qi{t), qAt), Qdit), ^62(0} when 
a/2 <t< a and dB{p, t) = {qeiit), 9e2(0} when t> a. The two points qi{t) and qr{t) 
at a distance a/2 <t<a from p, lie on the edge i2, and collapse to an antipodal point 
q (with coordinate a/2) of p, when t increases to a. So Coin(p, a) = {q} holds, while 
Coin(p, = for all t^a. 




Fig. 1 . A point q of coincidence in dB{p, t) 



In Riemannian geometry there is an analogue to the notion of a point of coinci- 
dence. It arises in the context of geodesies and is given by the notion of a conjugate 
point. Thus a time t, for which Coin(p, t)i^0 while Coin(p, t') = for all t' < t, is 
the analogue of the injectivity radius, that is the radius at which the exponential map 
ceases to be injective. 

There is a canonical Lebesgue measure Q, so that the notion of WiQ) spaces of 
measurable functions on Q makes sense. More generally, we will consider the spaces 
LP{F) where F is any measurable subset of Q and use the notation 

ilj{p) dp 

to describe the integral of an element ip g L^{F) and the notation 

{if, tl')jr = Lp{p) 1p{p) dp. 

to describe the scalar product of two elements ip, ip in the Hilbert space L^{F). Also 
we write HV'lljr = Whenever the context is clear we will simply write HV'lP 

and {(p,il^) for and {ip,ip)g respectively. There is an alternative way to obtain 
L^{Q), which is useful for the discussion of Laplace operators. The central idea is to 
consider for any measurable function ^ on ^ its restriction ipi to the edge Ii, ie <SUX. 
So consider the Hilbert space 

where ne=L'^{[0, 00)) for all ee £" and ni = L'^i[0, a^]) for alHe X. Then L'^iG) ^ Ti 
holds and from now on we shall interchangeably work with both notations. Moreover, 
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to keep our notation simple, we shall identify Ij with the interval [0, +00) ifi&S and 
with [0, Oj] if i e X, unless there is danger of confusion. Of course the spaces LP{Q) 
have a similar alternative description. 

ByVi with i g £^ U X we denote the set of all ipi e Hi such that ipi and its derivative 
i/j'j^ are absolutely continuous, and its second derivative V'f is square integrable. Let 
denote the set of those elements ^p^ g Vi which satisfy 

'iP^m = V'i(0) = ^i(ai) = 

for iG £, and for z g I. 

Let A'^ be the differential operator 

(2.1) {A'^^p).ix) = ^P'^(x), xGli,iGlUS, 
with domain 

It is straightforward to verify that A° is a closed symmetric operator with deficiency 
indices equal to |f | + 2|X|. 

We introduce an auxiliary finite-dimensional Hilbert space 

(2.2) /C = IC{£, I) = lC£®l6~^®l6^^ 

with 1C£ = C\^\ and Kf ^ Cl^l . Let '^K. denote the "double" of /C, that is, '^/C=/C©/C. 
For any 

we set 

[V^]:=V^©V^'g ''/C, 
with the boundary values and ip' defined by 

f_ = {{ipe, e G £), (V'i(O), i G X), (V-iCoj), i g X))*, 

V^' = ((V'l, e G £:), (V'^(O), i G X), (-V^^(a.), i g X))*. 

Here the superscript t denotes transposition. Let J be the canonical symplectic matrix 
on'^/C, 

'O I' 

with I being the identity operator on /C. Consider the non-degenerate Hermitian sym- 
plectic form 

u:([ip],[il;]y.={UJm, 

where (•, •) denotes the inner product in '^/C = C^*'^'+^l^l^ 

A linear subspace M of '^/C is called isotropic if the form co vanishes on M identi- 
cally. An isotropic subspace is called maximal if it is not a proper subspace of a larger 
isotropic subspace. Every maximal isotropic subspace has complex dimension equal 
to |£"| + 2|X|. 



J = 
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Let A and B be linear maps of K. onto itself. By {A, B) we denote the linear map 
from "^/C = K.®K. to K. defined by the relation 

{A,B) {xi®X2):=Axi + Bx2, 

where xi^X2^ AC. Set 

M{A, B): = K&v{A, B). 

Theorem 2. A subspace M. a '^fC is maximal isotropic if and only if there exist linear 
maps A, B: /C — > /C such that M = M{A, B) and 

(i) the map {A, B) : "'/C — t- K. has maximal rank equal to \8\ +2\X\, 

(2.3) , , , 

(ii) AB^ is self-adjoint, AB' = BA'. 

A proof is given in 1 1 1 1. The boundary conditions {A, B) and {A', B') satisfying 
( |2.3[ ) are called equivalent if the corresponding maximal isotropic subspaces coincide, 
that is, M.{A, B)=M.{A! , B'), and this in turn holds if and only if there is an invertible 
C such that A' = CA, B' = CB is valid. 

There is a one-to-one correspondence between all self-adjoint extensions of A*^ 
and maximal isotropic subspaces Jv[ of '^/C (see [10]. [11]). In explicit terms, any 
self-adjoint extension of A*^ is the differential operator defined by ( |2.1[ ) with domain 

(2.4) Dom(A) = {ij&V\ [ip]& M], 

where is a maximal isotropic subspace of "'/C. Conversely, any maximal isotropic 
subspace M. of "^/C defines through ( |2.4| ) a self-adjoint operator A^ . In the sequel we 
will call the operator A^ a Laplace operator on the metric graph Q. Thus we have 
4' = ^" ^rid iri particular 

(2.5) ||V'"|| = ||A^V'II forV'G I^(A^). 

From the discussion above it follows immediately that any self-adjoint Laplace 
operator on T-L equals A^j for some maximal isotropic subspace M. Moreover, 
A» = A^/ if and only if = J\4' . For short we will henceforth call M. a boundary 
condition. The role of the hermitian symplectic form uj is clarified by the following 
observation. Consider the hermitian symplectic form uj onV 

Q(^,^/') = (aVV')-(v'. aV). 

Then by Green's theorem 

S(99,V') = w(M, [ip]) 

holds, such that uj vanishes on Dom(Ax). 

All operators -A^j are finite rank perturbations of each other and in particular 
bounded from below. So any -A^j has absolutely continuous spectrum, equal to 
the positive real axis and with multiplicity \8\. By definition the boundary condition 
7W is real if there are real matrices A and B such that M = M.{A,B). For real 
M., the Laplacian -A^j is also real in the sense that for all ifj e Dom(-A_A/() also 
ijj G Dom(-Ax) and -AxV' = -AxV'. For more details, see lITOlfTTll . 
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For given A4 = Ai{A, B) the orthogonal projector Pj^ in '^/C onto A4 is given as 



= ( J/) (AA^ + BB^)-\-B, A) 



_ f BHAA^ + BB'^Y^B -5t(^^t + BB'fy^A 
~ \-A^{AA^ + BB^r^B A^{AA^ + BB^Y^A 

where the block matrix notation is used with respect to the orthogonal decomposition 
'^K, = JC@JC. With the same decomposition define 

\o 

and set = Pm^Pm^ giving 

(2.6) nM=- (~jt^) (^^^ + BB^y^AB^AA^ + BB^)-^{-B, A), 

ahermitian 2(|£^| +2|I|)x2(|<5| + 2|X|) matrix. Observe that Q is half of the canonical 
symplectic matrix J in the sense that J = n-n^ holds. Now nj^ = n^j^ = Pj^n'fPj^ 
and hence Pm^Pm - 0' another way of stating that the space 7W is isotropic. 
We quote the following result from |[T2l . 

Proposition 3. For any maximal isotropic subspace Ai a '^JC the identity 

(2.7) (vp,-AA^V)g = {v',i'')g + {M,^m[^])ik 
holds for all (p,'ip e Dom(— A^vj). 

Observe that by the identity p.7[ ) | l^/i'l |g is finite for any tp g Dom(-A_A4). Indeed, 
the boundary values [ip] and exist so that {[tp], Q_m [V'])£iA: is well defined and finite 
because Dom(-A_A4) c V. This proposition immediately gives the first part of 

Corollary 4. If the boundary condition Ai is such that il.M > 0, then also — A^ > 0. 
If^M > 0' t^^f^ f^ot an eigenvalue of—Aj^. 

Proof. To prove the second part, assume there is -0 g Dom(-A_A4) with -A_\4ip = 0. 
(2.7 1 gives ^^' = 0. So -0 has to be constant on each edge. But (2.7 1 also implies [V'] = 
which is only possible, ifTp = 0. □ 

The converse does not hold, that is -A^j > does not imply J7_a4 > 0, as Exam- 
ple 3.8 in [9J shows. 

The next corollary is a trivial consequence of (2^1 and {2J_) in combination with 
Theorem |2l 

Corollary 5. If the boundary condition Ai is such that i}_\4 > and hence — A_a4 > 
is valid, then 

(2.8) llV^'llg < llv^A^V'lb 
holds. 
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If Vt_M > and if the boundary value [ip] is non-vanishing, then the inequality is 
strict. il_A4 = if and only if A4 = A4{A, B) is such that AB'^ = holds and then ( |2.8| ) 
is actually an equality for all ip g Dom(-y/— A^vj). 



The inequality ( |2.8| ) for the norm of the first derivative compares with the identity 
( |2.5[ ) for the second derivative. Characterizations of maximal isotropic subspaces 
M{A, B) satisfying AB'^ = are given in (Si, Proposition 2.4 and ifTTI Remark 3.9. 
There also examples are provided. 

With respect to the decomposition ( |2.2[ ) any vector x in /C can be represented as 

(2.9) X = iiXe, e G £), (Xi, i g Z), {xt i g 
Consider the orthogonal decomposition 

with being the linear subspace of dimension deg(f ) spanned by those elements x 
in /C of the form ( 2^ I which satisfy 

Xe = 0, if e G is not incident with v, 

Xi =0, iiv is not an initial vertex of i g X, 

xX = 0, '\iv is not a final vertex of i g X. 

Set '^C^:=C^®C^ = C^^^^s^^'. Obviously each '^C^ inherits in a canonical way a 
symplectic structure from '^K, such that the orthogonal and symplectic decomposition 

holds. If the boundary condition J\4 = A4{A, B) is local (see flTl for more details), 
then A and B have a decomposition 

^ = ^^^^, B = ^^B^, 

v&V tieV 

that is Ay and B^ are linear transformations on C^, such that {A^, B^) is a linear 
transformation in '^C^. So correspondingly there is a decomposition 

M = ^M, 

with M.^ = A4{Ay, By) = kev{Ay, By). Let Qy denote the orthogonal projection in /C 
onto Cy and '^Qy'.=Qv®Qv its double, that is the orthogonal projection in '^K, onto 
'^Cy. Then we have 

Lemma 6. The relation 

(2.10) '^QvPm=Pm'^Qv 

holds and equals the orthogonal projection Py in '^K, onto My. 

Note that ( |2.10| ) implies that '^Qy Pm is an orthogonal projector. Also PyPyi = 
PyiPy, SO in particular the P„'s commute pairwise. 
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Proof. Let denote the orthogonal projection in onto M.^, that is Vmv 
obtained in a similar way from {A^, B^) as is Vm from the pair {A, B) with '^JC being 
replaced by '^C^. Denote by P^ the orthogonal projection in '^K, onto M.v Then Pmv 
is the restriction of Vm to '^C^, Pmv - ^mUc^- Similarly we view '^Q^ as a map 
from '^K, onto '^C^, and its restriction '^Qv\m to map from Jv[ onto Then 

we have a commutative diagram 



M 



'PMv='PM\dr 



from which ( |2.10| ) and the equahty P„ = Pm follow. 
Correspondingly we obtain 



□ 



with r^t, = Pt,r2 = riP^, = P^nPy. since A^^, is a subspace of Ai also 

(2. 1 1) PvVm = VmPv QvVm = Vm '^Qv = Pv 

holds. For any subset V' of V we introduce the orthogonal projection Pv' = ©„eV' P^- 
These Py' S commute pairwise. Finally set 

(2. 12) ^M,V' — Pv'^M — Pv'^mPv" — ^mPv 
such that 0,M,v = holds. More generally 

^M,V" = Pv'^M.V'Pv" 
is valid for any pair V" c V. The following lemma is trivial 

Lemma 7. > is valid if and only if^M.v ^ 0/or all v g V. Similarly Q_m > 
holds if and only if^M.v > 0/or all u g V. If^M ^ then < i^x.v" ^ ^M,V" 
forallV^V. 



3. Existence and Uniqueness of Solutions of the Wave Equation 

Throughout this section we fix a maximal isotropic subspace M. of '^/C. We intro- 
duce the wave kernel 



W{t) = WM{t) = 



sin(V-A^t) 



M 
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which is defined tlirough the spectral representation of the self-adjoint operator -A^j 
and operator calculus. Note that at the moment we do not (need to) assume -A^j to 
be non-negative. W{t) is bounded and self-adjoint for alH g M with W{0) = 0. Set 

PMit) = cosh{t^/-eM) 

with 

£m = min(inf spec(-A_A4), 0). 
Px(i)=l for all te M, if-A^j is non- negative. W{t) is abounded operator and norm 
continuous in t 

(3.1) \\W{t)\\ < \t\pMit), \\W{t)-W{t')\\ < \t-t'\max{pMit),PMit')). 
We will also consider the time derivatives of the wave kernel W{t): 

dtW{t) = cosily -AMt), 

(3.2) 

d^Wit) = -V-AM sin(V-AA^t) = AmWH), 

where the derivatives are taken in the strong operator topology. dtW{t) is a bounded 
self-adjoint operator for all t with operator norm bound 

(3.3) \\dtW{t)\\ < PMit), teM. 



The estimates ( |3.1| ) and ( |3.3[ ) follow from the spectral theorem and the trivial bounds 

sinx 



sup 



Slllll X 

< 1, sup < coshy, y > 0. 

0<x<y X 



It will be convenient to introduce the following notation. Choose > such that 
-Ayvj + is non-negative. In particular, if -A_m > 0, we set = 0. 

For any a > the domain Dom((-Ax + m^)"'^) may be equipped with the inner 
product 

((</>, i;)) = (0, V)g + {{-Am + mY^^, {-Am + m^)"'^)^. 
turning it into a Hilbert, which we denote by ^2 ^ L^{Q)- The relation ^2 ^ 
H?'. 2 whenever q' < a is obvious. By construction the semi-norm on H?. o 

= ||(-A^ + m2)"'Vlb 



\M,a 

satisfies HV'IIa^ q, ^ ((^' ^)) is hence a continuous map from i/^ ^2 onto the 
non-negative numbers. It is a norm if and only if is not am eigenvalue of -A^+m^. 
For varying a these Sobolev (semi-)norms will constitute the basic tools when we 
estimate solutions of the wave equation in terms of the initial data and to which we 
turn now. 

For A; G N, an iteration of ( |3.2[ ) yields 

+iT^(t) = A^ cos( V^A^^t) = A%^dtW{t), 

Of W(0 = (-1)^( v^A^^)'""' sin( v^A^^t) = A%,W{t). 

For n G Z set n+ = max(n, 0). An easy application of the spectral theorem gives the 
following 
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Lemma 8. 

(a) For all n e Nq, t e M, d^W{t) is a self-adjoint operator with domain 

Domid^W{t)) = H%-'2U 
commuting with A^, and mapping 

^mIJ^^ /wto H^j^^2,l& No- Moreover, 
d'^W(t) is strongly continuous in t as an operator on H^J^ 

(b) For all n g Nq, t g M, the relation 

aMdl'W{t) = 

holds on H^^^2, where is the d' Alembert operator associated with A^j.- 

For any Cauchy data (V'o- "^o) in L^{G) x L^{G) set 

(3.5) m = dtW{t) ijo + W{t) ijo, t G R, 

which is a well-defined element in L^{Q) for all t, strongly continuous in t. For what 
follows it will be convenient to introduce the notation 

If the Cauchy data (V'o. ^o) belong to then we obtain from Lemmajsjthat for 

all t, tpit) is twice strongly differentiable in t, that it belongs to i/^ ^2 > and that it is 
a solution of the initial value problem of the wave equation 

(3.6) V(* = 0) = Vo, 

W = 0) = V'o- 

ip{t) G H'^ ^2 implies that tpit) and ip{ty are absolutely continuous on every open 
edge for all t. Also the boundary values [ip{t)] at the vertices of Q may be taken. If 
(V'o. V'o) £ ^Mm"^' ^^^^ ™ analogous statement is true for dtip{t), and both ^'(0 and 
dtipit) have for all t second order spatial derivatives on the open edges, which define 
elements in L^{Q). Therefore in this case the set of boundary values [dt^pit)] exists, 
too. If both the boundary condition A4 and the Cauchy data are chosen to be real, 
then tpit) is real for all times t. We also remark that ( |3.5[ ) extends to 

m = W{t - s) a,V(s) - {dsWit - s)) V(s), 

valid for all s g M. 

Similar arguments lead to the following slightly more general result which will be 
useful below: 



Proposition 9. Suppose that tp is defined by equation ( 3.5 1 with Cauchy data {tpQ, ipo). 
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(a) // {ipo, V^o) G H'^'Z^^'^' ?^ G No, / G N, then dfi^{t), is of the form ( [33| ) 
with dfil^it) G ffj^ ^2 for all t, and d^-4>(t) is I times strongly continuously 
differentiable in t. If I > 2, then dlf^ipit) is a solution of the wave equation with 
Cauchy data {/Sf'ipQ, A'^^q) ifn=2k, and with {A^'ipQ, A^'^^ipo), respectively, 
ifn =2k+l. Furthermore, if I > 3, then the set of boundary values 
ofd^ij){t) at the vertices ofQ exists. 

(b) //(Vjo, V-o) g H'^^^^^, n G No, then {-Am + m2)"'2^(t) is a solution of the 
wave equation of the form (3.5 1 with Cauchy data {{—A_m + m^)"'^'0o, (~A + 
m2)"'2^g)_ lf{il;Q, tPq) g hJ^^^'^, n G No, then the boundary values [(-A + 

m^)"'^^/^(t)] are well-defined for all t. 

With p.l| ) and p.3| ), the corresponding estimates in terms of the Cauchy data are 
given by 

Proposition 10. The following a priori estimates are valid for ip{t), as defined by ( |3.5[ ) 
with Cauchy data {ipo, ipo)' 

(a) Suppose that {'ipo,tpo)e {Q), k,ne Nq. Then for all t 

\\dt''i^{t)\\M,n < PMit){\\^MMM,n + \t\ || A^V'olU.n) 

holds. 

(b) Suppose that {il)o,tjjo) & H^^'^^'^^ {Q), k,n& Nq. Then for all t 

+Va)|U,n < PMit) (IIA^V'olU.n + \t\ IIA^VolU.n) 

holds. 

Assume that {ipQ, ipo) g so that by Proposition|9j(9t^(i) is strongly contin- 

uously differentiable in t. Hence we can write 

rti 

{dtmi)-idtm2)= / {dji^){s)ds, 

Jt2 

as a relation in the Hilbert space L^{G), where the last integral is a Bochner integral. 
With the estimates given in Proposition 10 we therefore find 

||W)(tl)-W)(t2)|| 

< \ti-t2\ max(/)^(ti),py\4(t2)) (||Ay\4Vo|| +max(|ti|, 1*2) IIAy^^V'oll), 

and by hypothesis the last two norms are finite. This argument is readily generalized 
to provide the following result 

Proposition 11. Suppose that ip{t) is defined by p.5| ) with Cauchy data (V'o, V'o)- 

rn+2fc+2 

||(9fV')(ii)-(5fV')(t2)IU,„ 

X (IIA^V'olU.n + max(|ti|, |t2|) ||A^Vo|| M,n) 



(a) Assume that {ipQ,'ipQ) & H^^^^'^^'^^ {Q) k,n& Nq. Then for all ti, t2 
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holds true. 

(b) Assume that (V'o, "^o) g i^J^^^2^'"''^^''^(^) k,n& Nq, then for all h, t2 

||(5f+V)(ti)-(9rV)(i2)|U,n 

< \ti-t-2\ max(p^(ti),p^(t2)) 

X (||A^VolU,n + max(|ti|, jtal) ||A^VolU.n) 

Next we consider the case where the boundary conditions defined by M. are such 
that -A_A4 is non-negative. Recall that in this case we make the choice m? = 0, and 
that is equal to 1 for all t g M. Moreover, we remark that then is a 

well-defined self-adjoint operator with domain H^{Q). Let ifj be defined as in ( |3.5| ), 
and let A; g Nq. Then we get from ( |3.4[ ) for all t 

(3.9a) 9f = cos( v^A^^t) A^^o + sin(^AX;t) A^'=-^"Vo 

(3.9b) = sin(^A^t) Ajf+^^'Vo + cos(^A^t) A^V'o, 

for Cauchy data -00 > V'o in Sobolev spaces of sufficiently high degree. Hence we find 
the following result. 

Corollary 12. Suppose that the boundary conditions defined by Ai are such that 
^ 0> '^f^d hence — A_a/( is non-negative. Assume furthermore that ip is defined 
by (3^1 with Cauchy data (V'o. V'o)- ^ (V'o. V'o) ^ H^~^{Q), n g N, then tp{t) is n 
times strongly continuously differentiable in t. 



The formulae ( |3.9[ ) lead to alternative estimates as compared to those which we 
obtain directly from Proposition 10 for m? = Q. They are given in the next proposition, 
where we also combine them with the estimates of Proposition [TO] 

Corollary 13. Suppose that M. and ip are as in the hypothesis of Corollary\T2\ 

(a) For all V'o, V'o) ^ L^iG), the following a priori estimate is valid 

mm < iivoii + itiiiV'oii- 

//(V'o. V'o) G H'^+k.n+k-i^ ^ g j^^^ ^jY/j n + k>l, then 

\\dti^{t)\\M.n < ||V'o||x,n+fc+ ||V'0||A4,n+fc-l 

holds true for all t. 



(b) Assume that (V'o. V'o) g i7"+2'."+2'^ Z g N, n g No, then 



\df'^{t)\\M.n < \\tpo\\M.n+2l + 'aim[\t\\\'tpo\\M^n+2h \\''P0\\M,n+2l-l 

is valid for all t. //(V'o. V'o) g ijj^2«+2,n+2i^ / g No, n g No, then 

|5j^'+V(*)||x,n < ||V'o||A4,n+2« + min(^|t|||V'o||A^,n+2«+2. || V'O ||A4,n+2«+l 

holds for all t. 
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For the analogue of Corollary [13] in the case that -A^j > we only give the form 



of the estimates as based on the equations (3.9) 



Corollary 14. Suppose that Ai and are as in the hypothesis of Corollary 12 As- 
sume that {ipQ, tpo) G H^^'^^'^'^'^iQ), k, n& Nq. Then 

Wm.u < 1*1 - ^2! (||V'o||A4,n+fc+l + ||V'o||A4,n+fe) 

holds true for all ti, t2- 

Our discussion so far may not be specifically restricted to the context of metric 
graphs and self-adjoint Laplacians defined there. We could instead have considered 
any manifold with a self-adjoint Laplacian A there, for which -A is bounded below 
and which therefore defines a wave operator. We would have obtained the same type 
of estimates. From now on, however, the specific one-dimensional situation enters. 
We continue to consider the case where A4 is such that -A^ > 0. Let j g N 
denote the j-th spatial derivative of any function f on Q for which this derivative 
exists (in the sense of the derivative of a function or in the L^-sense). One easily 
verifies that 'i/;'^"' = A^^ holds such that relation ( |2.5| ) extends to HV'*^"^!! = 11^7 



for all tp G P(A^), while ^ extends to < WiV^Aj^f^'+^tpW for all 

ijj G P((-v/-A^)^""'"^). Similarly Corollary [5] provides the following 



Corollary 15. Suppose that M and ip are as in the hypothesis of Corollary 12 

(a) //(V'o, V'o) G j, k,n& No, with n + k + j>l, then 

\\{dt'4>{t)f^^\\M,n < W'lpoW M,n+j+k+ IIV'oIIm ,n+j+k—l 
is valid for all t. 

(b) //(V^o, V'o) G h%^^'''-^'^^^'-\G), j, k, n G No, then 

< 1*1 - *2| (llV'ollx.n+j+fc+l + ||'0o||x,ri+j+fc) 

holds true for all t. 

We return to the general case, i.e., we do not assume that A4 is such that -A^ is 
non-negative except where otherwise stated. 

To establish uniqueness of the solution p.5| ) for given Cauchy data, we introduce 
the energy functional. For any solution ip{t) of the wave equation with t in a time 
interval [-T, T] , say, set 

EMi^it)) = ^ 1 1 dMt) + ^ {^{t), -Am m) 

=l\\dMmg + \ \w-AM^mMt)\\i - ^ \\m\l 

which is finite provided Lp{t) g m'^iG) ip{t) is strongly differentiable in t for 
all t G [-T, T]. {ip{t),-A_\4y^{t)) is understood in the sense of quadratic forms. The 
factor 1/2 is inserted in order to conform with the standard normalization convention. 
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In particular E^i'^it)) is finite for all t when (p{t)=ip{t) with ip{t) as given by ( |3.5[ ) 
with Cauchy data (^o, V'o) g Hj^^^m^iG)- 

Proposition 16. Lef be any solution of the wave equation ( |3.6| ) f/ze rime interval 
[— T, r] anJ having the following properties. For all t g [— T, T] 

(a) v.(t)G Hl^^^.iG), 

(b) c/?(t) f/jree times strongly differentiable in t, 

(C) dMt) G 

(d) dtip{t) also satisfies the wave equation. 
Then the energy functional Ej\^{(p{t)), t e [~T,T], is time independent. In addition, 
if M is such that > holds, then the energy functional E_M{ip{t)), t g [— T, T], 

is non-negative and vanishes if and only if both —Ajiiip{t) and dt(p{t) vanish for all 
times t& [-T,T]. 



H^^ 2{Q) the assumptions of Proposition 
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Again observe that for ip{t) = tpit) of the form (3.5 1 with Cauchy data (^o. V'o) s 

5,2 



are satisfied. 



Proof. By the assumptions we are free to differentiate E_\4i^it)) with respect to the 
time t G M. We claim that the relation 

(3.12) dt{-AMV^{t))=-AMdMt) 

is valid. In fact, by assumption 

dt{-AM^{t)) = -dt{dfipit))=-df^{t) = -d^{dMt))=-AMdMt). 

holds. Another way to obtain this is to observe that -A^j is a linear operator and 



therefore ( |3.12[ ) holds. Thus by standard calculations the time derivative of E_M{ip{t)) 
vanishes, thus establishing the first claim. As for the second claim, assume that 
Ej^{ip{t)) = for all t. But this implies dt(p{t) = and \/-A_\4ip{t) = 0, which in 
turn gives -A_\4'ip{t) = 0. The converse is trivial. □ 

Theorem 17. Let Ai be such that —Aj^ > and such that is not an eigenvalue 
of—Aj^. Let (/9i(t) and ip2(t) be two solutions of the wave equation for t g [— T, T] 



satisfying the assumptions of Proposition 16 and with the same initial values. 



ipiit = 0) = ip2{t = 0), dtipiit = 0) = dtip2{t = 0). 

Then (pi{t) = ip2{t) holds for all t g [— T, T]. In particular ip as given by ( |3.5| ) is the 

ay-' , 



3 z 

unique solution of the wave equation for given Cauchy data {tpo, tpo) & H 2{0)- 



For a given metric graph, necessary and sufficient conditions on Ai for -A_m to 
have as an eigenvalue are given in |[T4ll . see also Corollary |4] If t/j^ is such an eigen- 
function, it has to be constant on each edge and in particular zero on each external 
edge. Also ip^{t) as given by ( |3.5| ) with Cauchy data {ip^, ip = 0) satisfies t/j^it) = 
for all t G M. 

Proof of Theorem [iZ] Standard and well known arguments can now be used. Indeed, 
(^i(t) - ip2{t) is a solution of the wave equation with vanishing initial data and we can 
use the previous proposition. □ 
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In order to establish finite propagation speed, we introduce a local form of the 
energy functional. As a motivation we use ( |2.7| ) to rewrite the energy functional as 

(3.13) EMm))=l {\\dtm\\g+mty\\g+{[m],^M[m])^jc)' 

which is finite for all t provided the Cauchy data (V'o. V'o) are such that m^i^^' 
■00 G Hj^ m'^iG), cf. the remarks after Proposition js] and Lemmajs] 

The first two terms on the right hand side form the energy functional for solutions 
of the wave equation on smooth manifolds, see e.g. ||2l |4l [TTl [TH. So it is the last 
term which is special for the present context of metric graphs, which are singular 
manifolds. Of these three terms it is the only one, in which the boundary condition A4 
enters and, as we shall see, in a manageable way. For the remainder of this section we 
assume that Ai is such that > 0, and hence also -A^j > 0, as well as {ipQ, ipo) g 
H^iG). Then Lemma 27 in the appendix entails that is differentiable in t. 

Since (V'(0> -A^'(/'(t))=(V'(t), -diipit)) is also differentiable in t (see Proposition|9|), 
we conclude that 

{[mi^M[m])^K = im^-^Mm) -\\m'\\g 

is differentiable with respect to t too. 

Actually, more is valid and will be used, namely we also have differentiability of 
the boundary values [V'(i)] themselves. 

Lemma 18. Assume the boundary condition M is such that > and hence also 
-^M ^ valid. For Cauchy data {ipQ, ipo) in H^{Q) the boundary value [ip{t)] is 
continuously differentiable in t and 

(3.14) dt[m] = [dtm] 

holds. 

Observe in this context that since tpit) g Dom(-A_A4) is valid for all t, the relation 
V_\4 [ip{t)] = [i/jit)] holds for all t which upon differentiation gives 

(3.15) VM[dtm] = [dtm]- 

Alternatively ( |3.15| ) follows from dti/^it) g Dom(-A_A/(), which in turn follows from 



the assumptions on the Cauchy data. The proof of Lemma 18 is based on Sobolev 



estimates in conjunction with Corollary [15] and will be given in the appendix. 

4. Finite Propagation Speed 



The form ( 3.13 1 allows us to introduce a local energy functional. Fix a point Q 

r2.1 , 



and a time to g M. For any ^ of the form (|3.5[) with Cauchy data (^o. V'o) g 2 (^) 



and < t < to> the time dependent local energy functional is defined as 
1 
2 



(4.1) e(t)=J(||W)|||(p,t„-i) + ||V'(0'|||(p,o-t) + ([V'(^ 



where 

= ^M,B(p,to-t)nV = Pt^AiPt = Pt^M = ^AiPt' 
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cf. ^A7) , with 

Pt= 

vs B{p,to-t)nV 

satisfying Pj < Pf for t' < t. Ut is piecewise constant in t with possible jumps at 
Tip). Observe that all terms on the right hand side of ( |4.1| ) are finite: By Proposi- 
tion|9| the hypothesis (^o, V'o)^ H^^^^iG) implies that i;{t)s Hl^^2{G)=^omiAM) 
for all t G M. Thus, on every edge of Q, ip{t) and t/jit)' are continuous functions, and in 
particular their boundary values [ip{t)] at the vertices of Q are well-defined and finite. 
The initial value of e{t) can be expressed in terms of the Cauchy data themselves 

as 

e(t = 0) = - (||V'o|||{p,to) + llV'olll(p,to) + ([V'o],^^t=o[V'o])d/c) ■ 

We will be interested in the situation when the condition Q,_\4 > is satisfied and then 
obviously < e{t) for all t. Also by Lemma [7] 

(4.2) nt < Qt', t' < t, 

is valid. Now, for e{t) to vanish when < l^x, it is necessary that both dtil^{t) and 
Tp{ty vanish on B{p, to - 1). In particular Tp{t) is then piecewise constant, that is ipi{t) 
is constant on each B{p, to - t) n li, i & £ Ul, which is a connected set. In the case 
where actually > holds, for e{t) to vanish it is necessary and sufficient that both 
dtilj{t) and ^-Ct)' vanish on B(p, to - t) and that Pt['il'{t)] = 0. 

We want to show that e{t) is non-increasing in t. To establish this we need a couple 
of Lemmas. The first one is a local version of Proposition |3] For its formulation we 
need an adaption of the familiar notion of a normal derivative to the present context. 

Definition 19. Assume 0<to-ti Tip) with p = (k, y). The inward normal derivative 
ofip at q& dB{p, to - 1) with coordinate q = {i, x) {0<x<ai, i & £ UT) is defined as 



dnipiq) = 



Tp'^ix), if k = i, X <y, or if i and[x,ai]cz B{p,to — t), 
^—Tp'^ix), ifk = i, y <x, orifi^k and [0, x] cz B{p, to — t). 



The sign convention is made to conform with the sign convention in the definition 
(|2]) of ip' and hence of [ip]. As an example consider the case k = i & £, again with 
p = {k, y) and in addition t so close to to that < to - t < y. Then B{p, to - t) is an 
interval on Ik = [0, oo) of the form [y - to + 1, y + to - t] centered at y and of length 
\B{p, to - 1)\ = 2{to - t). So dB{p, to - 1) consists of the two points {k, y-to + t) and 
(k, y+to-t) such that dnip{k, y-to+t)=ip',^{y-to+t) and dnip{k, y+to-t)=-'4''j^{y+to-t). 

Lemma 20. For every boundary condition Ai, and any to — te M+ \ Tip) the relation 
(4.3) {if,-AMi^)B{p,to-t]={f',i^')Bip,to-t)+{[f]'^t[ip])dK:+ Y] ^i<l)dn'4'{q) 



qsdB(p,to-t) 



is valid for any ip,ij) & Dom(— A_a4). 
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Proof. Observe that by the remark after Proposition|3]or — in the case that -A^j > 
— more easily by Corollary [s] both if' and ifj' are elements in L^{Q). Furthermore 
since Dom(-A_A4) c V all terms on the right hand side of ( |4.3| ) are well defined and 
finite. This allows us to perform an integration by parts and to use Green's iden- 
tity. Firstly there are boundary contributions at those vertices, which are contained in 
B{p, to - t), and secondly at points of the boundary dB{p, to - t) giving 

{if, - AmiP) B{p,to-t) 

vs B{p,to-t) qe dB{p,to-t) 

Now we insert Pvj [ip] = [tp] and Pvj [ip] = [ip] , valid due to the assumption ip,'ijj & 
Dom(-A;n), into the second term. Using in addition ( |2.11| ) we obtain 

{''QM,n''Q,[i;]),,^= Yl {[f]'PM''Qvn''QvPMm)''jc 

ve B{p,to-t) ve Bip,tQ-t) 

Proposition 21. Assume that the boundary condition M is such that ^ ^'^'^ 
hence — A_a/( > 0. Also let the Cauchy data (V'O'V'o) be such that ipo e Hj^{Q) and 
ipo s H^{Q). Then e{t) is differentiable at all points t with tQ — t& M+ \ T{p) and 
satisfies dte{t) < there. 

Proof. We differentiate e{t) under the assumption on t that dB{p, tQ-t)nV=0 which 
in particular means that $7^ is constant for all s close to t. We use ( |3.14 ) and obtain 

dteit) = - {dUit), dtm)B(pM-t) + 2 ^^tm, ^^tm) B{p.to-t) 
+ ^{dtm', m')B(p,to-t) + lim', dtm')B{pM-t) 
-\ E (iw.g)i'+|V'Ug)|' 

q€dB(p,to-t) 

with the abbreviation ipit, q) = 'ip{t){q). In a next step we first invoke the wave equa- 
tion (3^1 for the first two terms on the right hand side, and then use Lemma 20 This 
gives 

dte{t) = -l E (lW,g)|' + |V(i.9)f 

qedB(p,to-t) 



(4.4) + q) dntpit, q) + d^i'it, q) d^, q) 

qBdB(p,to-t) 

and the proof is finished. □ 
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Next we look at what happens when t^-t^ Tip). As a motivation for our further 
procedure, we show why relation ( |4.4[ ) fails when dB{p, Iq - t) contains coinciding 
points. To simplify the discussion we assume there is only one coinciding point q g 
dB{p, to - t) and that dB{p, to-t)nV = 0. With the notation used in Definition [T] 
for all s > i sufficiently close to t there will be a contribution to dgsis) of the form 

(4.5) 



-^dtipis, qiito - s)) dnipis, qiito - s)) - -dttjj{s, qr{to - s)) dnip{s, qr{s)) 



- -^dnipis, qiito - s)) dti^is, qi{to - s)) - -dnipis, qrih - s)) dtipis, qr{to - s)). 
Since lim^t qi{to -s) = lim^t qr{to -s) = q, by continuity 

lim dtipis, qiito - s)) = lim dtip{s, q^to - s)) 



while 



lim dnipiqiis), s) = - lim dnipiqAs), s) 



so the terms in ( |4.5| ) cancel pairwise when s decreases to t. 

Proposition 22. Assume the boundary condition Ai is such that > and hence 
also —Aj^ > 0. Also let the Cauchy data {ipo,fpo) be such that ipo g Hj;^{Q) and 
ipo G H'L{Q). The following relation holds 



lim e{s) = e{t) > lim e{s) 

st< sit 



for all to — te T{p). 

For the proof we need the 



Lemma 23. Under the assumptions of Proposition 22 on A4 and the Cauchy data, 
the map 



B(p.to-t)) 



is continuous in t < 



The proof of this lemma will be given in the appendix and is based on Lemma 26 
whose proof is also given there. 

Under the assumption ^ and by (|4.2|) 



(4.6) liuiQs > limr^s. 

st< sit 

More explicitly 

lim Qs = ^t= / + lim ils > lim ^s 

st* sit sit 

v€dB{to-t)nv 
We combine (14. 61) with LemmafTSland conclude 



lim([^(s)], ns[ijis)])a,c = ami ^t[m])'ijc > lim([V(s)], ns[ij{s)]),,c- 

sit sit 
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This result combined with Lemma [23] concludes the proof of Proposition [22| In turn 



the Propositions 2 1 and 22 give the first part of 



Theorem 24 (Finite propagation speed). Assume the boundary condition M. is such 
that il_A4 > and hence — A_a4 > 0. For Cauchy data V'o ^ Hj^{Q) and ipQ g H^{Q), 
let ipit) be defined by p.5|). Fix a point p and a time Iq > 0. Then e{t) as defined by 



(4. 1 1 is non-negative and non-increasing for < t < Iq. /fVo f^f^d ipQ both vanish on 
B{p, to), then ipit, q) vanishes on the cone 

C{p, to) = {{t,q)\0<t< to, d{q,p) <to-t}^gxR+ 

with vertex at {p, to). 

Proof. The proof of the second part now uses standard arguments, see e.g. pi]. By 
assumption e{t=0)=0. Hence by the first part of the theorem, e{t)=0 for all < t < to- 
Thus dtiljit, q) = ip'{t, q) = for {t, q) g C{p, to)- As a consequence 

'4j{t,q) = '4jo{q)+ / dsip{s,q)ds = 



Jo 

for {q, t) G dp, to). □ 

Appendix A. Proof of Lemmas [T8] and [23] 

Throughout the appendix Ai is chosen to be such that > holds. We recall 
the Sobolev inequality in 1 dimension, see e.g. lfT3l Theorem 8.5]. Any function / in 
the Sobolev space H^{M.) is bounded and satisfies the estimate 

(A-1) ll/llL<^(ll/lli.(M) + ll/'lli.(M))- 

In order not to burden the notation, here and in what follows || • ||oo will always 
denote the L°° norm while 1 1 • 1 1 is the norm in the respective context. The Sobolev 
inequality easily carries over to our context where M is replaced by Q 



More generally, for ip g HV^{Q), j g No, 



This inequality follows by simple arguments from ( A.l I, which are omitted here. 



holds. This inequality is now combined with Corollary 15 to obtain several esti 



H'lf'^iG) introduce 



mates for i){t), as defined by ( |3.6[ ) with Cauchy data (V'o. V^o)- For n g N, (V'o. V'o) ^ 

Tn,n 



1/2 

^1 (V'o. V'o, t) = ( 1 1 V'o f + 1 1 V'0 1 1 A^.l + (1 + i') 1 1 V-o I " 



and for n > 2, 



1/2 

^n(V'oV'o) = ( IIV'o|lA^,n-l + IIV'ollA^.n + IIV'o|Ia^,„-2 + II V'O || A^,n-1 ^ 
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We leave out the proof of the following lemma. 



Lemma 25. Suppose that Ai is such that — > 0, and that tpit) is given by (3.5 1 
with Cauchy data {ipQ, V'o)- Then the following estimates hold true for all t, ti, 

(a) /or(Vo,^o)G Hj^iQ), 

(A.2a) ||V'(*)||oo < ^iCV'o.^o,*), 

and for {ipo, -^o) g H^M*^'^^''{g), j, k g Nq, with j + k > 1, 

(A.2b) V)(0'^''IL < ^j+fc+iCV'o, ^o); 

(b) for (V'o, V'o) G H^j^^^'^^^'-\G), j, k G No, 

(A.2c) - V)fe))^''lL < 1*1 - *2| ^i+fe+2(V'o, V'o). 

In a next step we will prove the continuity of 

(A.3) {dtm)'i{x) = ~^Ut,x) 

in both is M and in xg /j, zg <?UX. This will enable us to establish both the existence 
of and the equality with the other mixed partial second derivative 

d d 

(A.4) -—iJiiUx). 

ot ax 

To this end, we assume from now on that the Cauchy data (^o. V'o) belong to H^{G). 
So by Proposition [9] g Hj^{G) and dtip{t) g Hj^iQ) and therefore both have 
spatial derivatives up to third order in L^{Q). As a consequence the restrictions of both 
to each edge have absolutely continuous spatial derivatives up to order two. Thus on 
every edge we may consider ip{t)^^\ dt'il^{t)^\ tG M, j=0, 1, 2, as bona fide functions, 
and in particular their L°° norms equal their sup-norms. 

Consider a fixed edge Li of Q, xi, X2 g /«, and let j, k = 0, I. Then the mean value 
theorem together with inequality ( |A.2b 1 gives 



sup\{did^i;Ut,xi)-{did'^i;Ut,X2)\ < \xi-X2\ sup\\d^m^^^^^\ 

teR teR 



< 



and our assumptions entail that Aj+f^+2i''p0' i^o) is finite for all j, k = 0, I. Hence we 
have shown 

Lemma 26. Suppose that M is such that -A_\4 > 0, and that ip{t) is given by ( |3.5[ ) 
with Cauchy data (V'o, V'o) if^ Then both, the family of functions {tp{t), t g 

M} and the family of their derivatives {ipit)', t g M}, are uniformly bounded on Q, 
and uniformly equicontinuous on each edge of Q. The same is valid for the family 
{dtip{t), t G M} and its derivatives {{dtiljit))', t g M}. 
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On the other hand, consider ti, t2 



,j,k = 0, 1. Then ^Alc\ yields 



sup\did^uti,x)-did^Ut2,x)\ < \mmi) 

xeli 

< \ti-t2\ Aj+k+2{lpO,1po)- 

Hence on every edge and for all x g /j, the mappings t i— )■ ipi{t, x), dxi/^dt, x), 
dt'4^i{t,x), and dxdttpiit, x) are uniformly continuous, uniformly in x g /j. Thus we 
have established: If the Cauchy data {ipo, ipo) belong to Hj^ (Q), then for every edge 
li of Q the maps 

'ipi{t,x). 



{t, x) 



dx 
d_ 
di 



ipiit, x), 
■ipiit, x), 
ipi{t,x). 



it, x) 



xL, 



dx dt 

are uniformly continuous. So we can apply the lemma of Clairaut-Schwarz, see 
e.g. [19, Theorem 7. A. 11, p. 194] for the version we use, to conclude 

Lemma 27. Suppose that M is such that —A_\4 > 0, and that 'il:{t) is given by ( |3.5| ) 
with Cauchy data {^q, ipo) in Hi^{G). Then for every edge h of Q the mixed partial 



derivative ( |A.3 1 exists and equals the other mixed partial derivative ( A.4 1, which is 
uniformly continuous for {t, x) g M x /j. 



Lemma [18] is a direct consequence of this lemma as is Lemma 23 in combination 
with the following observation. The volume 

H{B{p,to-t))= I dq 

JqeB(p,to-t) 

of B{p, to - t) is continuous in t. More precisely, the uniform estimate {t2 < ti) 
< n{B{p, to - 12) \ B{p, to - ti)) = p{B{p, to - 12)) - fi{B{p, to - ti)) 

<(ti-t2) 2(1^1 + |X|) 

is easily established. 
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